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Using the algebraic Hamiltonian approach, we derive the exact to all orders 
0(d,d) transformations of the metric and the dilaton field in WZW and WZW 
coset models for both compact and non-compact groups. It is shown that under 
the exact 0(d) x 0(d) transformation only the leading order of the inverse metric 
G^ 1 is transformed. The quantity \/~Gexp(&) is the same in all the dual models 
and in particular is independent of k. We also show that the exact metric and 
dilaton field that correspond to G/U(l) d WZW can be obtained by applying the 
exact 0(d,d) transformations on the (ungauged) WZW, a result that was known 
to one loop order only. As an example we give the 0(2, 2) transformations in the 
SL(2, R) WZW that transform to its dual exact models. These include also the 
exact 3D black string and the exact 2D black hole with an extra U(l) free field. 
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1. Introduction 



0(d,d) symmetries were originally discovered for toroidal compactification of 
closed string theories' 11 as a generalization of the familiar R —> 1/R symmetry in 
conformal field theory (CFT). The global structure of the moduli space is rather 
interesting: points corresponding to different backgrounds are related by duality 
group isomorphic to 0(d, d, z) of discrete symmetries . 

These duality transformations are generalized to string theories with curved 

[3] 

background. It was shown by Buscher that duality symmetry of conformal back- 
grounds with one isometry transforms from one CFT to another (to one loop oredr). 
Subsequently, it was noticed 141 that if we start with the low energy effective action 
in string theory and restrict to space translation invariant but time dependent 
background, the effective action exhibits an 0(d,d) symmetry. The generalization 
of the 0(d,d) symmetry in curved backgrounds with d isometries 151 and in the Het- 
erotic strings' 61 was proven to be an exact symmetry of string theories by means 
of string field theory. The corresponding 0(d, d) transformations could be derived 
to one loop order in a' only. Giveon and Rocek' 71 have used the a- model approach 
and showed the one loop order 0(d,d) transformations for a general CFT back- 
ground with d isometries. Duality symmetries from non-abelian isometries were 

rgj 

considered later where it was found that this new duality transformation maps 
spaces with non-abelian duality to spaces that may have no isometries at all. Such 
symmetries were also discussed in' 91 . 

0(d,d) symmetries are powerful and intriguing. Beside providing a better 
understanding of the moduli space of a given solution, 0(d,d) symmetry leads to 
striking cosmological consequences which we do not fully understand, such as those 

j. , • [10] [11] [12] [13] 

discussed m 

The duality symmetries of WZW and WZW coset models were discussed in 1141 . 
The exact underlying symmetry responsible for semiclassical duality was identified 
with the symmetry under afnne Weyl transformations. This identification shows 
that in the compact and unitary case they are exact symmetries of string theory 
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to all orders in a'. Duality transformations were shown' 15 " 161 to be equivalent to 
integrated marginal perturbations by bilinears in the chiral currents. 

In a previous paper' 171 we have shown the exact to all orders 0(d,d) transfor- 
mations of the metric and the dilaton field for WZW coset models with d isometries 
which have a certain type of a background. The aim of this paper is to generalize 
this result to general WZW and WZW coset models with abelian isometries? 

The paper is organized as follows. In section 2 we just give the expressions for 
the 0(d, d) transformations in one loop order for the general case with d isometries. 
In section 3 we derive an expression for the exact metric and dilaton field for 
G/U(l) d WZW coset models by using the algebraic Hamiltonian approach. In 
section 4 we derive the exact 0(d) x 0(d) dual models of the coset models in 
section 3 and compare with the one loop order transformations. In section 5 we 
derive the exact dual models to ungauged WZW models. In particular we show 
that the exact coset models can be obtained by exact duality from the ungauged 
WZW. In section 6 we demonstrate the exact duality transformations in the case of 
SL(2, R) WZW and get also familiar models, such as the exact 3D black string. In 
section 7 we derive the transformations in the case of non-compact groups where n 
isometries correspond to compact coordinates and d—n correspond to non-compact 
coordinates. The duality in this case is generated by 0(n, d—n)xO(n, d—n) (beside 
constant coordinate transformations and a constant shift of the antisymmetric 
tensor). Section 8 is reserved for summary and remarks. 



f In the case of SL(2,R)/U(1) and SU(2)/U(1) there is a regularization scheme where the 
semiclassical background receives no higher order corrections in a' 1181 . In such a case the 
semiclassical 0(d,d) symmetry transformations are also exact [12]. 
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2. 0(d, d) transformations in one loop order 



Consider a general a-model with d isometries that correspond to a CFT 
S =^f d 2 a(F^(X)d+X^X» + E^(X)d-Y*d + X^ + E ifl (X)d + Y*d-X^ 

+D ij (X)d+Y i d-Yi) - fd 2 aVhRW$(X) (2.1) 

07T J 

where the background has D target space dimensions with \i = 1, D — d and 
i = l,...,d. Vh and are the determinant of the metric and the curvature 
in the Riemann surface, respectively, and <3> is the dilaton field. This background 
corresponds to the target-space metric G and the antisymmetric tensor B with 

l((F + F*) E + E T \ E-EF\ 

2\E T + E D + D T J 2\-E T + E D - D T J K ' } 

The background (2.1) exhibits the 0(d,d) symmetry whose generators correspond 

to the following symmetry transformations [7]: 

(a). 0(d) x 0(d) symmetry transformations, under which 

D - D' = [(Oi + 2 )D + (Ox - 2 )][(Oi - 2 )D + (Ox + Os)]" 1 (2.3) 

E —> E 1 = i[(Oi + 2 ) - D'(Oi - Os)]- 1 ^ (2.4) 

E^E' = 2E[(Oi - 2 )D + (Oi + O2)]" 1 (2.5) 

F^F' = F- E[(Oi - 2 )D + (Oi + 2 )] _1 (Oi - 2 )E (2.6) 
^ , ^ 1, , det G s _ „ s 

where G' is the transformed target space metric. In the above 0\ and 2 are 
two constant 0(d) matrices. These symmetry transformations can be derived by 
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gauging a U(l) subgroup in a "larger" background with D + 2d target space 
dimensions with 2d isometries[7] and are correct to one loop order only. 

(b) . Coordinate transformations: Y l — > A^Y 3 where A is a GL(d,R) constant 
matrix. The transformations with AA T = I are already included in (a). 

(c) . A constant shift of the antisymmetric tensor B{j — > B{j + Cij where C is a 
d x d antisymmetric matrix. 

Notice that the transformations in (b) and (c) are exact to all orders in a' since 
the equations of motions to all orders are covariant and depend only on the torsion 

3. Exact metric and dilaton in WZW coset models 

In order to find the exact to all orders metric and dilaton field we shall be 
using the algebraic Hamiltonian approach for G/H coset models. This approach 
was derived in [1J1 and systematized in [201 ! However, this method is not helpful 
in calculating the exact antisymmetric tensor. Therefore we shall not discuss the 
exact transformations of the antisymmetric tensor in this paper. 

Let us first briefly describe the method for coset models G/H. (For a review 
see' 241 .) Denote by (a = l,...,dimG) and jf (i = 1, dimH) the currents 
of the group G and its subgroup H, respectively and J^ n) jf n are their "Fourier" 
components in the Kac-Moody algebra. Lq is the zero generator of the Virasoro 
algebra. Then the ground state T (the Tachyon) satisfies the following conditions: 

(L + I -2)T = (3.1) 

(J* + J*)T = (3.2) 

f In the SL(2,R)/U(1) model it was shown 1211 1221 that the background obtained by this 
method satisfies the (3- function equations at least up to the fourth order in a' . In the 
SL(2,R) x U(l)/U(l) coset it was shown 1231 that the exact background satisfies the (3- 
function equations at least up to the second order. 
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J G T = 7 G T 



0, n > 1 



(3.3) 



Here 



L = 



A G A H 



L = 



A G A H 



(3.4) 



k — cq k — ch 



k — cg k — ch 



and Aq,Ah are the Casimir operators in G and in H, i.e. 



J G ■ J G , 



Aq = J G ■ J G , A H = J H ■ J H , A H = J H ■ J H , and c G , c H are the coexter of 
G, H respectively. In the language of the group elements g and the left and right 
gauged subgroup elements hi and tiR, the condition (3.2) is a remnant of the gauge 
invariance T{hL,gh~^~) = T{g) which demands that the tachyon is a singlet under 
the action of the subgroup H. Now we parameterize the group elements of G with 
the coordinates X^, \i = 1,...,N = dimG and express the currents in terms of 
first order differential operators of which satisfy the Lie algebra of the group 
(so that L and Lq become a differential operator). Finally we define gauge invari- 
ant coordinates X^, /j, — 1, ...,D = dimG — dim if so that when the tachyon is 
T = T(X) it automatically satisfies the condition (3.2). Now we write the Casimir 
operators in terms of X^, by simply using the chain rule. As is well known, the 
effective action for the Tachyon is 



where $ is the dilaton field and V(T) is the Tachyon potential. On the other hand, 
since the Tachyon is completely defined through the action of the zero modes, its 
action is equivalent to 



From the action (3.5) and the action (3.6), expressed in terms of X^, we obtain 




(3.5) 




(3.6) 




1 



(3.7) 



from which we find the exact metric and the exact dilaton field. 
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This approach agrees with the fact that (ungauged) WZW are exact to all 
orders in \ up to a shift of the level k — > k — cq. To get the one loop order 
background one should put cq = cjj = in Lq + Lq of the gauged model, which is 
equivalent to taking astronomically large k and neglecting cq and cjj- 

Now, consider a general D + d dimensional terget space that correspond to a 
(ungauged) WZW model based on a group G with level k which has a subgroup 
U(l) d . We pick a basis T\ i — 1, <i in the Cartan subalgebra with [T\ T J '] = 
and tr T*T J = <5 y . Now we parameterize the group elements as 

so the action can be written as 

S = ^ J d 2 a(d+9\d-9\ + d + 9\d-6\ + 2M ij (X)d-0 i 1 d + 9 3 2 + 2^(X)9 + X^9_^ 

+2Ar2 i (X)9_X^ t a + 4 + F ia/ (X)d+Xi i d-X v ) (3.9) 

with = 1, D — d and i — This action (3.9) is invariant under U(l)^ x 

(1)^ symmetry generated by the conserved holomorphic currents that correspond 
to translational symmetry in 9\ and 9 l 2 

r = d+9\ + Mijd+9 3 2 + N^d+X^ (3. 10) 

f = d-9\ + Mjid-91 + N^X^ (3.11) 

Now we want to describe the coset model G/U{l) d in the algebraic Hamiltonian 
approach. The group G is parameterized so that the left and the right £7(1) currents 
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are the commuting diffrential operators 




(3.12) 



We can choose the rest of the generators to correspond to the action (3.9) (since 
the WZW is exact). Now we gauge the axial gauge. In the gauged model 



L + Z = — —(&(x)d x ^ + r\(x)d e{ + n(x)d ei 

k — cq 1 2 

+G^(X)d x »d x » + 2Gf{X)dx»d e{ + 2G% i (X)d x »d ei 

.... i d 

+V({X)d e{ d e{ + L l i{X)d ei d e{ + 2PV(X)d ei d ei ) + - J2(d 2 ei + 9|) (3.13) 



where G^ v , G^ 1 , G(f , L l ( , and are the components of the inverse of the 
metric in the WZW action, i.e., 



and S,ri,r2 are obtained from (3.7) with $ = 0. (notice that we have written 
all matrices with upper indices for convenience. This has nothing with covariant 
raising indices.) 

Now we should define d gauge invariant coordinates which we denote by Y l 
and in addition to X^ ', which are not transformed, the target space of the gauged 
action is D dimensional. In the axial gauge the gauge invariant coordinates should 



i=l 



( G G\ G2 \ 
G- 1 = Gj Li P 



/\{F + F T ) N 1 N 2 \ 

N lT I M 

\ N 2 T M T I / 



-1 



(3.14) 
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satisfy d conditions 

(Ji + Ji)Yi = ; i,j = l,...,d 



(3.15) 



Taking 



we obtain 



Y { = e\- 9\ (3.16) 



L + L = -—^-[^{X)d x , + (Tj - F?)dyi + G^dxrdx" + 2(Gf - Gf)d x ,d Y , 

K — CQ 



+(L\ J + L 2 j - 28* - 2F i 3)d Y id Y i + ^-5 ij dYidYi] (3.17) 

K 

Define I to be the D x D matrix 



'-l.o i) (318) 

and / is the d x d unit matrix. From the expression (3.17) we see that 

G 'exact = I ^-( G classical + ~T~^) (3.19) 



Here we omitted the pre- factor k infront of G c i ass i ca i. We could, of course, choose 
different gauge invariant coordinates Y l = Cj(#J — $2), where C is a constant GL(d) 
matrix, but this is simply a coordinate transformation of the Y l coordinates. In 
this case the ^ correction to the semiclassical metric becomes (C T C)^- in the (ij) 
directions. 
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4. Exact Duality Transformations 



All the 0(d) x 0(d) dual models to the gauged model in the previous section 
can be obtained by all the different anomaly free gaugings (generators) of the U(l) d 

[25] 

subgroup. The condition for the anomaly cancellation is 

tr TjT\ = tr TftTft a, b = 1, dim// (4.1) 

where T£, T|> are the generators of the left and right gauged subgroups. Instead of 
looking for all the anomaly free gaugings we shall use the following method, which 
is an application of the idea used in [7] for the a- model action. The ungauged ac- 
tion(3.9), or equivalently, the Casimir operator of the ungauged model, is invariant 
under the transformation 

0\ — > d'i — 0\Q\ ; #2 — y @2 = 0202 

Li -> L[ = OiLiOf ; L 2 -> L' 2 = 2 L 2 0^ ; P -> P' = O x POl 
G\ — > G'j = G\0\ ; G2 — > G' 2 = G2O2 

ri ^ ri = riof ; r 2 ^ r' 2 = r 2 o 2 r (4.2) 

where Oi, 2 are two 0(d) matrices (or 0(d, z) if we want to preserve periodicity). 
Now we write Lq + Lq in the WZW action with respect to the transformed coordi- 
nates 9[, 6' 2 and gauge the U (l) d subgroup generated by the currents J{ = idgii and 
Ji = idgn , which is still an anomaly free gauging. Using tr T l T J = 5 tJ it is easy to 
see that the new generators, which are linear combinations of the T*s satisfy the 
condition (4.1). The result (in the 6' coordinates) is a rotation of the Casimir op- 
erator of the ungauged action while the gauged subgroup in unchanged. Therefore 
we get an expression for all the 0(d) x 0(d) dual models: 
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-1 



G 



G GiOl - G 2 0\ 

k-~c G \ OiGf - 2 G\ O x L x O\ + 2 L 2 0l - O x PG% - 2 P T 0\ — 21+ ^1 

(4.3) 

for two general 0(d) matrices. The important point to notice is that the r correc- 
tion to the inverse metric with respect to the semiclassical one is invariant under 
the 0(d) x 0(d) transformations (also when it takes the form C T C^-). Finally, 
we recall that all the one loop order metrics that are obtained by 0(d) x 0(d) 
transformations can also be obtained by different gaugings of the ungauged WZW 
model. Therefore under the 0(d) x 0(d) transformations the exact inverse metric 
transforms as 

G exact > G exact ~ J, _ classical ~l l) (4-4) 

where I is given in (3.18) and G' , ■ , is the semiclassical metric obtained after 
the one loop 0(d) x 0(d) transformations, as is written in (2.3)-(2.6). Hence, we 
reach the following conclusion. Given an exact metric that correspond to a coset 
model, in order to find all the exact 0(d) x 0(d) dual models it is enough to know 
the antisymmetric tensor to one loop order. 

The transformation of the exact dilaton under the 0(d) x 0(d) can be derived 
as well. Since the matrix G and the vector £ are invariant under the transforma- 
tion, using (3.7) it is easy to see that the quantity y/Ge^ is invariant under the 
transformation. Therefore under the transformation G exac t — > G' exact we obtain 

^/ ^ 1 , / det G . , t . 

§exact -> &exact = ®exact + ~ H^Tj) (4-5) 

where G, G' correspond to the exact metric and the transformed exact metric. 



In particular, we can construct the axial-vector duality. This duality was re- 
vealed in the a-model approach' 261 and was proven to be an exact symmetry of the 
CFT[12]. If we take 0\ = —0 2 = I we interchange the axial and vector gaugings. 
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5. Exact 0(d,d) Transformations in (Ungauged) WZW Models 



The method described above can be used to construct the exact 0(d, d) trans- 
formations also in ungauged WZW models. Consider a WZW model based on a 
group G which has a U(l) d subgroup. This means that the sigma model has 2d 
isometries. Although the ungauged action is exact to all orders up to a shift of the 
level (which is just a pre- factor), the exact 0(d) x 0(d) transformations introduce 
^ corrections in the dual models. To apply the duality transformations we should 
consider an equivalent model- G x U (l)1f / U (l) 2 ^ . We use the notations in (3.13) 
for the (ungauged) WZW model and parameterize the extra U(l) generators by 
the differential operators id^ and id^ taken with level k. This introduces the 
term — | X^=i(^ + ^>») t° Lq + Lq of the ungauged model. Now we gauge the 
axial U(l) 2d x U(l) 2 ^ subgroup generated by 



the condition for anomaly cancellation (4.1) is satisfied after the rotation we shall 
make. Thus, we have now 




Ji = idgi for i — 1, d \Ji = id %-d for % — d + 1, 2d 



(5.1) 



Notice that the \ is simply a redefinition of the U(l) free fields but it ensures that 



1 



(^(X)dx» + T\(X)d e{ + T\(X)d ei +G^dx»dx» + 2Gfdx»d i 



k-c G 



+2G%d x »d ei + Lp ei d e{ + Lp e ,d ei + 2PVd ei d ei ) - | + ^) 




(5.2) 



i=i 
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To obtain the metric we define the gauge invariant coordinates 

Y{ = e\-6\ ■ Yi = <p\-<p\ ;i = l,..,d (5.3) 

and substitute in Lq + Lq. 

Now, in order to see the 0(2d) x 0(2d) duality we define the 2d dimensional 
vector 0i with <p\ = 9\ for i = l,...,d and <p\ = (p^ d for i = d + l,...,2d and 
similarly we define the vector 2 with 2 = 9\ for i = 1, d and 2 = <f 2 ~ d for 
% = d + 1, 2d. Now we rewrite Lq + Lq in (5.2) as follows: 

L + L = -j-l—QyWdx* + f 1(X)^ + f* 2 (X)da 

2d 

+ + 2^'^^) + ^ £(^ + d U ( 5 - 4 ) 

1=1 

where r\, r 2 are the 2c? dimensional vectors 

fi = (ri,0) ; f 2 = (r 2 ,0) (5.5) 
G\, G 2 are (D — d) x 2d matrices 

Gi = (Gi 0) ; G 2 = (G 2 0) (5.6) 

and P, Li, L 2 are 2d x 2g? matrices 

. f P 0\ ~ ( L\ \ . ( L 2 \ 

P -[o 0) ;i -(o 2(1 -t,:J ;i -(o 2(1- *») <5J) 

Now we can repeat the steps in section 4. Taking 0\ and 2 to be two 0(2d) 
matrices, the Casimir operator of the ungauged model is invariant under the 
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0(2d) x 0(2d) transformations 

01 -> 01 = Oi0i ; 02 -> 02 = 0202 

Li -> Li = OiLiOf ; L 2 -> L 2 = 2 L 2 0l ; P -> P' = OiPOf 
Gi — > Gi = GiOf ; G2 — > G' 2 = G 2 2 

fi -> fi = fiOf ; f 2 -> f' 2 = faO^ (5.8) 

So all the 0(2d) x 0(2d) dual models to the (ungauged) WZW model have the 
following metrics: 

G- 1 

1 / G G x d{-G 2 Ol 

~ k - c G y OiGj - 2 G\ X L X 0\ + 2 L 2 0l - O x POl - 2 P T 0\ — 21+ ^1 

(5-9) 

Thus, although the ungauged WZW model is exact to all orders (up to a shift in 
k), dual models receive non-trivial 1 corrections with respect to the semiclassical 
backgrounds. To get the dilaton fields we simply need to calculate the determinant 
of the dual metric, divide by the determinant of the metric in the WZW action and 
take a log. Since \f~Ge® is the same in all the dual models as in the ungauged WZW, 
this quantity is independent of k to all orders. In particular, the coset models with 
d extra free U(l) fields are dual to the ungauged WZW and therefore this property 
holds also for the coset models. The coset models that were derive in section 3 are 
obtained by taking 0\ — 2 — I for the axial gauge and 0\ = —0 2 = I for the 
vector gauge. If we take 

Oi = I ; 02 = -^° (5.10) 
we obtain the metric of the ungauged WZW in (3.14). Thus we have produced 

[2T] [28] 

a result known to one loop order , that the background that correspond to 



14 



G/U(l) WZW can be obtained by applying 0(d,d) transformations on the un- 
gauged WZW. 

6. Example: Exact Duality in SL(2, R) WZW 

To demonstrate the above, we shall consider here the exact dual models to the 
SL(2, R) WZW. This model has raised some interest recently with connection to 
the 3D black hole' 29 '. In one loop order it is known that by duality transforma- 

[31] 

tions it can be brought to the 3D black string and to the 2D black hole with an 
extra free 17(1) field[27, 28]. 

In the case of SL(2, R) WZW there are 2 isometries. We shall demonstrate the 
0(2) x 0(2) duality. First let us parameterize the currents of the SL(2, R) WZW 
as 

h = ide L ; h = ide R 
J± = ie ±e -{\d r ± — \^{de R - cosh2r«9,J) 

J± = ie ±0 «(±d r ± — ^(d eL - C0Sh27%J) (6.1) 

Now we shall follow the procedure suggested in section 5. We introduce 2 additional 
U(l) fields, denoted by ipL, <-Pr and the corresponding U{1) currents (with level k) 
are K = id^ and K = id^ 2 . Next we gauge the currents J3, Js,K,K Then in the 
model SL(2,R) x U(l) 2 /U(l) 2 we have 

+ + l(€ + dl + dl + dl) (6.2) 
15 



where we used cq = 2 for the SL(2, R) group. We rewrite this expression as 



Lo + Lq = -^{\d 2 r + coth2r«9 r ) - [(d dL ,d^)A ( ^ j + (de L ,d^)B (* R 



+(do R , d V2 )A [ d ° R )} + \{dl + dl + dl + d% 2 ) (6.3) 



where 



i\ \ I 4 cosh 2r , , 



^4 = j (fc-2)sinh 2 2r ^ | . B= \ (fc ~ 2) sinh 2r ) (6.4) 



2 ' 



In the axial gauge we define the gauge invariant coordinates as 

Y 1 = L -0 R ; Y 2 = Vl - V2 (6.5) 
Then the dual models can be described with 



L + Lq = -yz^(\ d l + coth2r<9 r ) 



-(d Yl ,d Y2 )(0 1 AOl + 2 A0 2 r -0 1 B0 2 r -^l) ( ^ ) (6.6) 



where 0\,0 2 are two 0(2) matrices. Finally, let us take 



, cos a sin a \ ( cos 3 sin 3 , 

° J= 1 • 5 ° 2= ■ {GJ) 

- sin a cos a I \ -snip cos p 



Substituting these matrices in (6.6), we obtain a general expression for the inverse 
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metric in the dual models: 



2(fc-2) 



G 11 = - 1 — r ((cos 2 a + cos 2 /?) ^ (1 - -)(sin 2 a; + sin 2 /3- 1) 

k — 2 sinh 2r 

2 cosh 2r 

+ cos a cosp 2 ) 

sinh 2r 

G 22 = -— — ((sin 2 a + sin 2 /3) \ (1 - ^)(cos 2 a + cos 2 /? - 1) 

k — 2 sinh 2r k 

2 cosh 2r 

+ sin ct sm p 2 ) 

sinh 2r 

2 12 cosh 2r 

G 12 = ((sinacoso; + sin/3cos/5)( k hi — — ) + sin(a+(3) k — ) (6.8) 

k — 2 sinh 2r k sinh 2r 

Let us now observe this metric. For sin/3 = cos a; = we obtain the original 

ungauged WZW. 

For cos a = cos (3 = 1 we obtain the exact metric of the 2D black hole and an 
extra free U(l) field (this is the Lorentzian version of the solution in [19]). Taking 
t = 2Y\ for the time and X = 2Y\ the metric with a pre-factor 2 is 

dS 2 — (k — 2)dr 2 — (k — 2)(coth 2 r - y) _1 rft 2 + kdX 2 

k 

1 2 

$ = log(sinh 2r) + - log(coth 2 r - -) (6.9) 

2 k 

For cos a = 1 and cos (3 = — 1 we obtain the dual metric of the 2D black hole (that 
correspond to the vector gauging). 

dS 2 — (k- 2)dr 2 — (k — 2)(tanh 2 r - \y x dt 2 + kdX 2 

k 

1 2 
$ = log(sinh 2r) + - log(tanh 2 r - -) (6.10) 

The exact background that correspond to the 3D black string is obtained by a 
coordinate transformation on Y\, Y<i. We take cos a = sin/5 and define t — Y\ — Yi 
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and X — Y\ + Y<i- The metric we obtain is 



sinh 2 r 



dS z — (k — 2)dr l — (k- 2) = =-dt A 

l + g + 2g(l - |) sinh 2 r 



cosh 2 r 



+(k - 2) T 7o-dX z 

l-g + 2g(l - §)cosh 2 r 



$ = -log[(l + q + 2q(l - ^)sinh 2 r)(l - q + 2q(l - ^)cosh 2 r)] (6.11) 
2 k k 

[32] 

where q = sin 2a. (These metric and dilaton field were derived also in .) Notice 
that in all the models and in the ungaug ed WZW VGe® = sinh2r. 



7. Exact 0(n, d — n) x 0(n,d — n) transformations 

In the previous sections we were discussing WZW where the group elements 
were parameterized by g — e*^=i 1 g(X)e l ^*=i 2 . The results we got hold 
also when the group elements are parameterized by 

g = e^L^g{X)^L^ (7.1) 

(all the 6 coordinates are non-compact) but requires a minus sign in front of the 
(ij) components of the exact metric in all the dual models. In non-compact group 
we can also parameterize the group by 

g = e l E:= 1 ^^+Et I1+ i^r^(x) e ^L 1 ^r l +Et„ +1 ^ 
(2n compact and 2(d — n) non-compact fields) where, as in section 3, tr T'T-? = Sij. 
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In this case the ungauged action takes the form 



, . n d 

71 J i=l i=n+l 



+2M ij (X)d-0\d + 4 + 2Nj li (X)d + X»d-e\ + 2N%(X)d-X»d + e l 2 

+F^(X)d+X^d-Xn (7.3) 

and the holomorphic currents J- 7 = tr d+gg -1 ^ and the anti-holomorphic cur- 
rents J- 7 = tr g~ x d-gTi with j > n do not have a pre-factor i. In the algebraic 
Hamiltonian approach we shall parameterize these U(l) currents as 

J 3 = idgj^ for i = 1, n ; J J = for % = n + 1, d (7.4) 

J J = id e ^ fori = l,...,n ; J J = d e ^ for i — n + 1, d (7.5) 
Then, in the gauged model we have 

G i=l i=n+l 

where 77 is thed x d matrix 77 = diag(l, 1, —1, —1) with n entries 1. (We have 
used Aq = Aq.) 

Let us consider now the rotation of the 9 coordinates. The translation of 
the coordinates 9\,9\ with % = l,...,n is generated by %T l but the translation of 
the coordinates 9\, 9\ with i — n + 1, d is generated by T\ So let us define the 
generators of the U{l) d gauge (before the rotation of the 9 coordinates) by T J = T- 7 
for j = 1, ...,n and T J = -• iT J for j — n + 1, Then tr T*T J = Now we 
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want to repeat the procedure we were using in order to obtain the dual models. 
Consider a rotation 

e 1 ^e' 1 = o 1 e 1 ; e 2 ^e' 2 = o 2 e 2 (7.7) 

The generators of the currents J, J in the rotated system are linear combinations 
of the generator T l . A rotation 9'^ = 0\fi\ and 9' 2 l = 0\-Q\ means that in the 
rotated action the corresponding U(l) currents are generated by T ,l L = 0\-T^ and 
t' R = 0\jT 3 . Therefore in order to preserve the condition for anomaly cancellation 
(3.9) the matrices 0\ and 2 must be 0(n,d — n) matrices (namely 0\riO\ = 
2 r]02 = rf). Hence, when d — n of the U(l) isometries have opposite sign the 
result (4.3) for the inverse metric of the dual models changes as follows: The unit 
matrix multiplying ^ (the ^ correction to the inverse metric) is replaced by r] and 
the matrices Oi, 2 that generate the duality are taken to be 0(n,d — n) matrices 
rather than 0(d). In the case of dual models to the ungauged WZW in section 
5, we can introduce the 2d extra U(l) currents with different signature. Suppose 
we take d — m pairs of <p coordinates with negative signature and the ungauged 
WZW has d — n pairs of 6 coordinates which are non-compact, then the duality is 
obtained by 0(m + n, 2d — m — n) matrices. 

8. Summary and Discussion 

In this work we have generalized the one loop 0(d,d) transformations to the 
exact to all orders case in WZW and WZW coset models. A general 0(d, d) trans- 
formation can be decomposed to constant coordinate transformations, a shift of the 
antisymmetric tensor by a constant antisymmetric matrix and 0(d) x 0(d) trans- 
formations. The first two are exact and in this paper we have derived the exact 
0(d) x 0(d) transformations. We have found that for coset models G/U(l) d these 
transformations operate as follows: writing the inverse metric as the semiclassical 
inverse metric plus the i corrections, only the semiclassical part transforms- to a 
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dual semiclassical inverse metric. Therefore, although with the algebraic Hamil- 
tonian approach we could only derive the exact metric and dilaton field, knowing 
the antisymmetric tensor to one loop order, we can find all the exact dual metrics 
and dialton fields. In the ungauged WZW model with 2d abelian isometries we 
obtained the dual metrics by considering the equivalent model G x U (l) 2d / U (l) 2d . 
Thus although the ungauged WZW is exact, its dual models receive ^ corrections 
with respect to the one loop order transformation. Our analysis shows that v^Ge* 
is invariant under the exact 0(d) x 0(d) transformations. In particular, in the 
exact G/U(l) d coset models (as well as in the dual models) \/~Ge® is independent 
of k. 

Finally, we want to comment about the generality of our results to a general 
exact CFT. It was shown by Tseytlin that there exist a D + 2 dimensional back- 
ground with a terget space metric having a covariantly constant null Killing vector 
and a flat 'transverse' part that is exact to all orders. The corresponding a- model 
is invariant under D+l abelian isometries. In a recent work 1341 it was shown that 
a background of this type is transformed by the one loop order 0(D,D) trans- 
formations (only in the transverse directions) to the same class of exact solutions. 
This specific example requires a special analysis, but we speculate that this class 
of exact solutions can be obtained by gauging a larger background followed by a 
redefining the fields so that the ^ correction is absorbed and disappears. Then the 
result in [34] can be considered as a particular example to our results. 
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